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TECHNICAL MEMORANDUM X-53495 

EXPLICIT RUNGE-KU"A INTEGRATION 

Lyle R. Dickey 

George C. Marshall Space F l ight  Center 

Huntsvi l le ,  Alabama 

ABSTRACT 

A fou r th  order  Runge-Kutta method i s  appl ied t o  a system of l i n e a r  
d i f f e r e n t i a l  equations.  The so lu t ion  over one time s t e p  i s  obtained 
e x p l i c i t l y  as a func t ion  of  i n i t i a l  condi t ions and the  forc ing  func t ion  
evaluated a t  the  i n i t i a l  time, the f i n a l  time, and the  midpoint. 
Successive app l i ca t ions  of t h i s  r e s u l t  can be employed to  ob ta in  an 
e x p l i c i t  so lu t ion  f o r  a number of time po in t s  which can later be used 
t o  r ap id ly  determine so lu t ions  for  a l a rge  number of d i f f e r e n t  s e t s  of 
i n i t i a l  condi t ions and forcing functions.  
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TECHNICAL MEMORANDUM X-53495 

EXPLICIT RUNGE-KUTTA INTEGRATION 

SUMMARY 

A fou r th  order  Runge-Kutta method i s  appl ied t o  a system of  l i n e a r  
d i f f e r e n t i a l  equations.  The so lu t ion  over one time s t e p  i s  obtained 
e x p l i c i t l y  as a funct ion of i n i t i a l  condi t ions and the  forcing funct ion 
evaluated a t  the  i n i t i a l  time, the  f i n a l  time, and the  midpoint. 
Successive appl ica t ions  of t h i s  r e s u l t  can be employed t o  o b t a i n  an 
e x p l i c i t  so lu t ion  for  a number of time poin ts  which can l a t e r  be used 
t o  r ap id ly  determine so lu t ions  f o r  a l a rge  number of d i f f e r e n t  sets of 
i n i t i a l  condi t ions and fqrc ing  functions.  

EXPLICIT RUNGE-KUTTA 

Quite  o f t e n  it is necessary to  solve the  same system of d i f f e r e n t i a l  
' equat ions f o r  a l a rge  number of  d i f f e r e n t  i n i t i a l  condi t ions and forc ing  

funct ions.  In the  event t h a t  the  d i f f e r e n t i a l  equations a r e  l i n e a r ,  
considerable  computer time can be  saved by taking advantage of the  f a c t  
t h a t  t he  Runge-Kutta method of  i n t eg ra t ion  is a l i n e a r  operat ion.  With 
a l i t t l e  add i t iona l  e f f o r t ,  the  operat ion can be c a r r i e d  ou t  e x p l i c i t l y  
r e s u l t i n g  i n  a so lu t ion  which i s  a l i nea r  combination of values  of the  
fo rc ing  func t ion  evaluated a t  d i s c r e t e  po in t s  and the  i n i t i a l  condi t ions.  
Having obtained the  so lu t ion  i n  t h i s  form, it is  a simple matter f o r  a 
computer to  r ap id ly  evaluate  the so lu t ion  f o r  an extremely l a rge  number 
of  d i f f e r e n t  condi t ions.  I f  t h i s  can be accomplished over one time s t e p ,  
it is  only a m a t t e r  of  bookkeeping to r epea t  the  opera t ion  over a number 
of  time s teps .  With t h i s  i n  mind, the following system of l i n e a r  d i f f e r -  
e n t i a l  equations w i l l  be solved e x p l i c i t l y  over one such time s t e p  by 
fou r th  order  Runge-Kutta: 

= F(X, t)  = A(t) X + H(t).  

The s o l u t i o n  a t  a point  t, can be obtained from the  i n i t i a l  condi t ions  
a t  to and the  forcing funct ion,  H(t) ,  evaluated a t  to, t, and the  midpoint 
E by the  following method: 



where 

Since t h e  vec tor  equat ion (1) i s  l i n e a r  and t h e  opera t ions  descr ibed 
i n  equations (2) are a l s o  l i n e a r ,  the  s o l u t i o n  i s  of t h e  following form: 

where 

H, = H(t , ) .  



Successive s u b s t i t u t i o n  of equation (1) i n t o  the  expressions 
descr ibed i n  equations (2) y i e l d  the following equations f o r  U, C,, e, 
and C,. 

h h2 h3 h4 
6 12 24 C, = - I + -g- A -+ - i2 4- - A1 i2 

- h2 h3 c = -  2h 3 I + 6 (A + A,) + 12 A1 A 

where 

A, = 

= A(E) 

A, = A(t,). 

I f  the  func t ion  H ( t )  i s  i n  tabular  form and ava i l ab le  a t  time incre- 
ments which d i f f e r  from h,  some s o r t  of  i n t e rpo la t ion  method is  required.  
However, s ince  most of  t he  use fu l  i n t e rpo la t ion  formulas are l inear wi th  
r e spec t  t o  the  dependent v a r i a b l e ,  H,,, and H, can be expressed as a 
l i n e a r  combination of t he  va lues  of H ( t )  a t  t he  po in t s  f o r  which they are 
tabulated.  Although the  bookkeeping may become somewhat ted ious  when 
the  so lu t ion  i s  des i red  a t  a l a rge  number of time po in t s ,  the  use o f  
mat r ix  no ta t ion  and d i g i t a l  computers, both of which are w e l l  designed 
f o r  such opera t ions ,  makes t h i s  an extremely small po in t  f o r  considerat ion.  
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The e x p l i c i t  method out l ined  above i s  extremely usefu l  when a l a rge  
number of d i f f e r e n t  i n i t i a l  condi t ions and forc ing  funct ions a r e  t o  be 
used. I n  par t icular ,  i f  the  s t a t i s t i c s  of these  inputs  a r e  ava i l ab le ,  
the  mean and standard devia t ion  of the  output  can be evaluated i n  a 
s t ra ightforward manner and achieve r e s u l t s  t h a t  would r equ i r e  an extremely 
la rge  amouqt of  computer time i f  the  d i f f e r e n t i a l  equat ions were t o  be 
solved over and over again fo r  each individual  case.  
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